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Abstract
The aim of this survey article is to draw the attention of the combinatorial community to
representations of groups and their applications in the theory of graphs and maps. Specically,
we shall be interested in representations of the triangle groups hy; zjym=zn=(yz)2=1i in special
linear groups. Applications will include constructions of highly symmetrical nite maps of arbi-
trarily large planar width, Hurwitz groups, vertex-transitive non-Cayley graphs, and arc-transitive
graphs of given valence and given exact girth. c© 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
These are numerous powerful results about graphs which have been obtained in
conjunction with various other disciplines such as probability theory, linear algebra
(most notably eigenvectors and eigenvalues), group theory, or algebraic topology. In
this brief survey, we shall focus on results related to representations of groups which
naturally arise in the study of maps, that is, graphs embedded in orientable surfaces.
Under certain conditions, the graphs we shall be interested in will give rise to maps
which are highly rigid and symmetrical. In particular, the orientation-preserving auto-
morphism groups of our maps will act regularly on the directed edges; such maps are
well known as regular maps. It will be the extra rigidity and symmetry that will allow
(together with group representation ingredients) to draw conclusions about underlying
graphs of the maps.
Regular maps emerge, sometimes surprisingly, in many areas. In hyperbolic ge-
ometry they appear as regular tessellations of the hyperbolic plane. The groups of
orientation-preserving hyperbolic isometries which leave such tessellations invariant
are the well-known hyperbolic triangle groups which also act on the complex upper
half-plane as discontinuous groups of conformal isometries. But the connections of
triangle groups to Riemann surfaces go far beyond that and include, for example,
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complex curves dened over elds of algebraic numbers and actions of the Galois
groups of these elds on maps on surfaces; for more information about all these ex-
citing topics we recommend the beautiful survey paper by Jones [18].
Precise denitions of the above concepts will be given in appropriate places later.
Here we just mention that, as a consequence of high symmetry, all vertices of a
regular map have the same valence, say, m, and all faces are bounded by closed
walks of the same length, say n; we will then briey speak about a regular map of
type (m; n). The regular action of the automorphism group of a regular map on its
directed edges enables, in some sense, to identify the map with the group itself. This
way it turns out that regular maps of type (m; n) exactly correspond to torsion-free
normal subgroups of the (m; n)-triangle group which we will be presenting in the form
hy; zjym=zn=(yz)2=1i. Translated into the language of algebraic topology, this means
that every regular map of type (m; n) can be obtained as an unramied regular cover
by a unique (m; n)-tessellation of a simply connected surface which is a sphere, an
euclidean plane, or a hyperbolic plane, depending on whether 1=m+1=n− 12 is positive,
zero, or negative (the corresponding pairs (m; n) are then called elliptic, parabolic and
hyperbolic).
While regular maps of elliptic and parabolic type have been well understood long
time ago, it was not the case with nite maps of hyperbolic type. At the group-theoretical
level this was reected by Fenchel’s conjecture (around 1950) which, in its restricted
version, postulated that for each hyperbolic pair (m; n) the corresponding triangle group
contains a normal torsion-free subgroup of nite index. Among a variety of proofs of
Fenchel’s conjecture we would like to point out the one published in 1967 by Menicke
[32]; using faithful representations in certain special linear groups he actually proved
that each hyperbolic triangle group contains innitely many normal torsion-free sub-
groups of nite index. At about the same time (1969) MacBeath [23] proved (by a
method completely dierent from that of [32]) that there are innitely many nite
quotients of the (3; 7)-triangle group.
On the graph-theoretical counterpart, the solution of the Heawood map colouring
problem in the early 1970s initiated a growing interest in graph embeddings and al-
gebraic theory of maps. However, the earlier parallel research in group theory seems
to have largely escaped the attention of the combinatorial community at that stage. In
1976, Grunbaum [15] asked if there are innitely many nite regular maps of each
hyperbolic type. His question was answered in the armative by several authors in
various ways and we will comment on them in due course. Here we would just like
to point out two of the answers: One given by Vince [46] using residual niteness
argument, and another due to Nedela and Skoviera [36] by constructing regular maps
of arbitrarily large planar width (i.e., with large ‘planar neighbourhood’ of every face)
for each hyperbolic type; the corresponding underlying graphs also have a number of
interesting properties (to be discussed later).
The main aim of this paper is to show that all the problems discussed above are
a simple consequence of residual niteness of triangle groups; moreover, the result
of [36] is equivalent to residual niteness of triangle groups. The concept of residual
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niteness appeared in 1940 in Mal’cev’s seminal work [25,26] on linear representations
of groups. We will emphasize the central role of group representations in algebraic
theory of maps. As we shall see, all solutions of Grunbaum’s problem can naturally be
presented in the language of group representations. But the translation alone would not
be enough; we show that group representations are at the very heart of Grunbaum’s
question and by working them out one can obtain considerable strenghtenings of the
aforementioned results. For example, residual niteness by itself or the approach of
[36] do not give any reasonable bounds on the size of the nite regular maps of a
given hyperbolic type. Our results based on linear representations of triangle groups will
provide bounds which, for a given hyperbolic type, are best possible up to determining
a constant depending on the type of the map. In most cases, we just give sketches of
proofs; for full-length arguments we refer to [42].
The paper is organized as follows. Section 2 is a brief introduction to algebraic
theory of regular maps. A few basic techniques for proving the existence of at least
one regular map of each hyperbolic type are surveyed in Section 3. The equivalence
of residual niteness with the existence of regular maps of arbitrarily large planar
width is shown in Section 4. Faithful and locally faithful representations of triangle
groups are surveyed and developed in Section 5. Section 6 contains applications of
the representation theory approach to constructing regular maps of given hyperbolic
type and planar width at least r whose size is bounded above by Cr . Also included
are applications to Hurwitz groups of bounded order as locally faithful representations
of the (3; 7)-triangle group, constructions of vertex-transitive non-Cayley graphs, and
graphs of given valence and given exact girth with bounded order; most of these (but
without satisfactory upper bounds) have been discovered in [36].
2. Regular maps and triangle groups
The material in this section is introductory and well known, although our approach
to (orientably) regular maps is slightly dierent from the traditional one. A very good
general reference for basic facts in topological graph theory is the book [14]; for regular
maps and triangle groups we highly recommend the excellent paper [19].
Throughout, a surface will be a connected orientable 2-manifold without boundary.
In most of the cases, however, we shall work either with a plane or with a com-
pact surface. We will often x one of the two possible orientations, making thus the
surface oriented. A map M on a surface S is a 2-cell embedding of a (connected)
graph   in S; the (open) 2-cells are the faces of M. Each edge of the underlying
graph   can be endowed with two directions; an arc is an edge with a specied
direction.
Let M be a map on a surface S, with arc set D. A permutation  of D is an
automorphism of M if  extends to an orientation preserving self-homeomorphism
of S which preserves all incidences between vertices, arcs and faces. The collection
Aut(M) of all automorphisms of M constitutes the automorphism group of M . It is
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easy to see that for any two arcs a; b 2 D there exists at most one automorphism  of
M such that (a) = b. Thus, for nite maps we always have jAut(M)j6jDj.
A map M is said to be regular if for any two arcs a; b of M there exists an
automorphism  2 Aut(M) such that (a) = b. Equivalently, M is regular if the group
Aut(M) acts regularly (that is, transitively and freely) on the arc set of M . Observe
that regularity of a nite map M is equivalent with the condition jAut(M)j = jDj. It
follows that, in a regular map, all vertices have the same valence (say, m) and all
faces are bounded by closed walks of the same length (say, n); in this case we often
speak about a regular map of type (m; n). Here our notation diers from that of the
monograph [10] and its follow-ups where the rst coordinate in the map type refers to
face length. In order to avoid trivial cases, from now on we assume throughout that
m; n>3.
Let M be a regular map of type (m; n) on a clockwise-oriented surface. A corner of
M at a vertex v is an ordered pair (b; c) of arcs emanating from v such that c is the
clockwise next arc to b in the map. Assume now that a corner (b; c) of M at v has been
xed, and let c−1 be the reverse arc to c. Let  and  be the (unique) automorphisms
of M such that (b) = c and (c−1) = b. Geometrically,  represents the clockwise
rotation of the map about the vertex v by one corner, whereas  corresponds to the
clockwise rotation (again, by one corner) of M about the centre of the face containing
the corner (b; c). Note that (c−1)= c and so  can be visualised as the rotation by
the angle of  about the centre of the arc c.
It is well known that the two automorphisms  and  generate the entire group
Aut(M) and we thus have a presentation
Aut(M) = h; jm = n = ()2 =   = idi; (1)
where m; n and 2 are true orders of the corresponding elements. Observe that our
preceding discussion implies that Aut(M) acts regularly on the set of corners of M as
well.
We now reverse the line of thought and consider an arbitrary abstract group G with
a presentation of the form
G = hy; zjym = zn = (yz)2 =   = 1i; (2)
where m; n and 2 are true orders of the corresponding elements. Then, G is the au-
tomorphism group of a regular map M =M (G;y; z) of type (m; n). To construct the
map M , we identify G with the set of its corners; the left G-cosets of the subgroups
hyi, hzi, and hyzi will correspond to vertices, faces, and edges of M , respectively, and
the incidence between them will be determined by non-empty intersection of the cor-
responding cosets. The action of G as Aut(M) is simply given by left multiplication.
It is an easy exercise to see that the map M = M (G;y; z) is well dened and that
Aut(M)’G; the two distinguished elements ;  2 Aut(M) that correspond to y; z 2 G
rotate the corner 1G onto the corners y and z, respectively. We will adopt the termi-
nology of [36] and refer to this map as the generic map of the presentation (2). Note
that interchanging the roles of y and z (that is, of vertices and faces) in the above
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construction we obtain the dual map M =M (G; z; y) of the map M ; of course, M
is of type (n; m) and Aut(M) ’ Aut(M).
The case when presentation (2) contains no additional relations is of special interest.
The group
(m; n) = hy; zjym = zn = (yz)2 = 1i (3)
is well known as the triangle group; it is a Fuchsian group with signature fm; n; 2j0g.
Again, our notation is a little dierent from the usual one in which the group (3) is just
denoted by the triple (2; m; n), or sometimes just (m; n). The groups (m; n) fall into
three categories: elliptic, parabolic, and hyperbolic, depending on whether 1=m+1=n is
greater than, equal to, or less than 12 ; we often apply the same terms just for the pairs
(m; n). Note that a triangle group is nite if and only if it is elliptic. The generic map
M ((m; n);y; z) of presentation (2) is a regular map of type (m; n), called the universal
(m; n)-tessellation and denoted by U (m; n). The supporting surface for U (m; n) is the
sphere, the euclidean plane, or the hyperbolic plane, according as (m; n) is an elliptic,
parabolic, or a hyperbolic pair. Of course, in the latter two cases the tessellation is
innite.
Let M be a nite regular map of type (m; n) with the automorphism group presented
as in (1). Then there is an obvious group epimorphism # :(m; n) ! Aut(M) given
by #(y) =  and #(z) = . This epimorphism extends to an (unbranched) covering
~# :U (m; n)! M of the map M by the universal tessellation of the same type. The ker-
nel of the epimorphism # is a normal torsion-free subgroup of (m; n) of nite index.
Conversely, each normal torsion-free subgroup N of (m; n) of nite index determines
a nite regular map of the same type, namely, the generic map M ((m; n)=N; yN; zN ).
In accordance with the usual terminology in representation theory, any homo-
morphism # :(m; n)!G will be called a representation of the triangle group
= hy; zjym= zn= (yz)2 = 1i in the group G. We shall say that # is a true represent-
ation if m; n, and 2 are true orders of the elements #(y); #(z), and #(yz), respectively,
in G; we shall have a faithful representation if # is an injective homomorphism. Clearly,
each faithful representation is also true, but not vice versa. Also, note that from the
above discussion it is easy to infer that every true representation of (m; n) in a nite
group corresponds to a nite regular map of type (m; n). In addition, the true epimor-
phisms # :(m; n)! H onto nite groups H are in a one-to-one correspondence with
the (isomorphism classes of) nite regular maps of type (m; n).
3. Representations of triangle groups and existence of nite regular maps
Let us begin with listing a few known facts about nite regular maps. Assuming
that m; n>3, there are only ve regular maps of elliptic type, namely the 2-skeletons
of platonic solids. All nite regular maps of parabolic type are toroidal; there are
innitely many of them and for their classication see, for example, [10]. In what
follows we therefore restrict our attention to nite regular maps of hyperbolic type,
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whose supporting surfaces necessarily have genus at least two. By Hurwitz’s inequality,
for every g>2 there are just nitely many regular maps on a surface of genus g.
A complete classication of these is known for each g67 (cf. [2]). Among them, a
prominent role is played by the Klein’s regular map of type (3,7) on a surface of genus
three, which is the smallest map of this type (its automorphism group is PSL2(Z7) of
order 168).
In a 1976 paper, Grunbaum [15] asked if for each hyperbolic pair (m; n) there exists
an innite number of nite regular maps of type (m; n), noting that for many pairs
(m; n) even the existence of such a map was not known. We shall refer to the above
as the strong and the weak form of Grunbaum’s question, and in this section we shall
be dealing with the weak form.
In the light of the facts presented at the end of the preceding section, the existence
of nite regular maps of each hyperbolic type is equivalent to exhibiting a true rep-
resentation of each hyperbolic triangle group in some nite group. We now present
two types of such representations which we think are of basic importance and worth
a further study. The rst one (in permutation groups) was published in 1990 in the
context of answering the weak form of Grunbaum’s question in a very simple way,
whereas the second representation (in nite projective linear groups) appeared in 1992
as a tool for desingularization of orbifolds.
The Gray{Wilson representation [13]: Let (m; n) be a (not necessarily hyperbolic)
pair; we may assume that 36m6n. A true representation of (m; n) in the symmetric
group n on the set f1; 2; : : : ; ng can be obtained as follows. Let n = km + s where
06s<m. Let  2 n be dened by
= (m; : : : ; 1)(2m; : : : ; m+ 1) : : : (km; : : : ; (k − 1)m+ 1):
If k>2 or if s>1 then let  2 n be dened by
= (m;m+ 1) : : : ((k − 1)m; (k − 1)m+ 1)(1; km+ 1) : : : (s; km+ s);
otherwise, that is, if k = 1 and s = 0 (i.e., if m = n>3) let  = (1; n)(1; 2). In both
cases, setting = −1 and reading the composition of permutations from the right to
the left, we have m = n = ()2 = id, and hence a true representation of the triangle
group (m; n) in n.
The Stillwell representation [43]: Let m; n>3. Take a prime p>m; n; by elementary
number theory it follows that p‘1 (mod 4mn) for some ‘>0, and hence 4mn divides
p‘ − 1. Thus, the Galois eld GF(p‘) contains elements ; , and  of multiplicative
order 2m; 2n, and 4, respectively. The essence of the representation is the following
statement proved in [43, Section 8:6]:
‘Let A be a matrix of the group PSL2(GF(p‘)) such that the trace tr(A) is equal
to ! + !−1 for some ! 6= 0;1 of multiplicative order 2k. Then A has order k in
PSL2(GF(p‘)).’
Now, consider the following two matrices A; B 2 PSL2(GF(p‘)):
A=

+  1
 −1 − 

; B=

 
0 −1

;
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where  6= 0 and  62 f0; −1 − g are chosen in such a way that det(A) = 1. Note
that tr(A)= + −1 and tr(B)=+−1. By the above statement and by the choice of
 and , the orders of A and B are m and n, respectively. It can be quickly checked
that for  6= 0 one can nd an element  in GF(p‘) such that tr(AB)= + −1, which
makes the order of AB equal to 2. We thus have a true representation # : (m; n) !
PSL2(GF(p‘)) with #(y) = A and #(z) = B.
For completeness, we mention that in the special case m= 3 the true representation
due to McMullen{Monson{Weiss [31] of (3; n) in the group PSL2(Zn) may be handy.
Let A and B be the following two matrices:
A=

1 −1
1 0

; B=

1 −1
0 1

:
It is immediate that A3 = Bn = (AB)2 = I2 in PSL2(Zn), where 3; n, and 2 are true
orders of A; B, and AB.
We conclude with a few historical notes about earlier techniques that could have
been used to get a quick armative answer to the weak form of Grunbaum’s question.
Firstly, the existence of true representations of all triangle groups in nite permutation
groups also follows from a very old result of Miller [33]. Secondly, Grunbaum’s weak
question is equivalent to existence of torsion-free normal subgroups of nite index in
hyperbolic triangle groups. The latter is a special case of a broader problem known
as Fenchel’s conjecture about Fuchsian groups (cf. Section 1). For a very accessible
proof of Fenchel’s conjecture we refer to Mennicke [32] where an explicit construction
of nite index torsion-free normal subgroups of hyperbolic triangle groups is given.
At last, existence of at least one regular map of each hyperbolic type is also a trivial
consequence of residual niteness of the corresponding triangle groups which will
be discussed in the next section; here we just mention Wilson’s work [47,48] where
residual niteness is turned into constructions of the requested maps for some of the
types.
4. Residual niteness and nite regular maps
We now turn our attention to the strong form of Grunbaum’s question. Let us rst
remark that, with extra work, it is possible to adapt the methods of the preceding section
to produce, for each hyperbolic pair (m; n), an innite number of true representations
#t :(m; n)!Ht in nite groups. But as a rule, the hard part is to show that the images
#t((m; n)) are pairwise distinct. We therefore present a more powerful machinery
which, actually, has been around for more than half of a century. To this end we
recall a useful concept in group theory.
A group G is said to be residually nite if for each g 2 G; g 6=1 there exists a
normal subgroup N of nite index in G such that g 62 N . Equivalently, G is residually
nite if for each 1 6=g2G there exists a homomorphism ’ :G!H into a nite group
H such that ’(g)6=1. Clearly, if G is residually nite then for each nite subset M
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of G, 1 62 M , there exists a normal subgroup of nite index N in G (or, equiva-
lently, a homomorphism ’ : G ! H into a nite group H) such that M \ N = ;
(or, ’(g) 6= 1 for each g 2 M). In 1940, Mal’cev [25,26] proved that for any in-
nite eld F and any k>2, every nitely generated subgroup of the group SLk(F)
is residually nite. Now, the elliptic triangle groups are trivially residually nite. The
parabolic triangle groups act on the euclidean plane as groups of isometries and can
thus be identied with discrete subgroups of SL2(R). Since the hyperbolic triangle
groups act as discontinuous groups of conformal isometries on the hyperbolic plane,
they can be identied with certain discrete subgroups of PSL2(R). Combining with
Mal’cev’s theorem and factoring out the centre in the hyperbolic case, we obtain
(cf. also [19]):
Proposition 1. The triangle groups (m; n) are residually nite.
As we shall see, an armative answer to the strong form of Grunbaum’s question
is an easy consequence of Proposition 1. However, with this kind of power in hand
we can do much more. In order to state and prove the corresponding results we need
to introduce two more concepts, one group-theoretical and one map-theoretical (for the
latter we again adopt the terminology of [36]).
Let r be a positive integer and let 1=m+ 1=n6 12 . A representation # : (m; n)! H
of the triangle group (m; n) = hy; zjym = zn = (yz)2 = 1i in a nite group H will be
said to be r-locally faithful if #(u) 6= 1H for each element u 2 (m; n); 1 6= u which
can be written as a product of at most r members of the set fy; zg. Clearly, residual
niteness of (innite) triangle groups is equivalent to the existence of their r-locally
faithful representations for all r.
Let M be a map on a compact surface S of positive genus. Then, M is said to have
planar width at least r if every non-contractible simple closed curve on S intersects
the underlying graph of M in at least r points. Thus, in a map with planar width at
least r, every face has a ‘large planar neighbourhood’ in the sense that the collection of
faces at distance 6(r−1)=2 from a given face is embedded in an open disc contained
in S. The planar width is alternatively known as representativity [39] of face-width
[34]; it is a very important parameter that has been extensively studied in the theory
of graph embeddings (see also [45] for a slightly dierent setting).
The above two concepts are, in a sense, equivalent; what we need here is the fol-
lowing explicit relation. We just sketch the argument to give the reader a feeling for
what is essential and refer to [42] for particulars.
Proposition 2. Let r>1 and let #:(m; n)!H be an r(m + n)-locally faithful epi-
morphism of an innite triangle group onto a nite group H . Then the generic map
M (H ;#(y); #(z)) is of type (m; n) and has planar width at least r.
Proof (Sketch). Let =#(y) and =#(z). By r(m+n)-local faithfulness, the generic
map M =M (H ; ; ) is of type (m; n). Also, from our assumptions it follows that the
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supporting surface S of the map M is compact, of genus >1. Let K be a simple
closed non-contractible curve on S which intersects the underlying graph of M in 6r
points (which we may assume to be vertices). Identifying the set of corners of M with
elements of the group H in accordance with the regular action of H on the corners,
the curve K naturally corresponds to a word W in the generators  and  of the form
W = i1j1i2j2 : : : ir jr where 06it <m and 06jt <n. Note that the length of W
is 6r(m + n). Moreover, since K is closed, the word W interpreted as a product in
the group H is the identity 1H .
Now, consider the word ~W obtained from W by replacing  with y and  with z,
that is, ~W = yi1zj1yi2zj2 : : : yir zjr . Interpreting ~W as an element of the triangle group
(m; n) we have #( ~W ) = W = 1H . Since the representation # is r(m + n)-locally
faithful, the product ~W must be the identity. But then the word ~W corresponds to a
closed contractible curve ~K in the supporting plane P for the universal tesselation
U (m; n). Recalling the universal covering ~# : U (m; n) ! M induced by #, we may
assume that ~K is positioned in P so that ~#( ~K)=K . However, the universal covering ~#
preserves contractibility; in particular, our original closed curve K = ~#( ~K) would have
to be contractible. This contradiction shows that the planar width of M is at least (in
fact, greater than) r, as claimed.
With this in hand, it is easy to prove that the existence of nite regular maps of
any non-elliptic type with arbitrarily large planar width is equivalent to the residual
niteness of non-elliptic triangle groups (see [42] for details).
Theorem 1. Let (m; n) be a non-elliptic pair. The following two statements are
equivalent:
1. The triangle group (m; n) is residually nite.
2. For each r there exists a nite regular map of type (m; n) with planar width at
least r.
Proof (Sketch). Residual niteness of (m; n) quickly implies existence of an r(m +
n)-locally faithful representation of (m; n) onto a nite group H . By Proposition 2, the
corresponding generic regular map is of type (m; n) and has planar width at least r. To
prove the converse, just note that the arguments of the preceding proof are reversible:
If x 2 (m; n) is a non-identity element, by taking a nite regular map M of type (m; n)
with suciently large planar width we have a homomorphism # : (m; n) ! Aut(M)
such that #(x) 6= 1, which implies residual niteness of (m; n).
The beautiful second statement of Theorem 1 was very recently discovered for the
graph- and map-theoretical community by Nedela and Skoviera [36], with a proof based
on lifting certain planar maps. Note that either of the two statements in Theorem 1
immediately answers the strong form of Grunbaum’s question in the armative. Never-
theless, the drawback is that residual niteness itself furnishes just a purely existential
argument and does not give any information on the size (= number of edges) of the
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resulting map of type (m; n) with planar width >r. Much the same applies to the
lifting method of [36] which gives only an upper bound of the order (Cr)! for some
C =C(m; n) on the size of such maps. A substantial improvement of this upper bound
will follow from the methods of the next section.
As regards other results that imply the existence of innitely many nite regular
maps of each hyperbolic type, we point out [46, Theorem 6:3] which is again based on
residual niteness and applies also to higher-dimensional analogues of regular maps. A
more direct proof follows from the remarkable fact [11] that for each hyperbolic pair
(m; n) there exists a k(m; n) such that for all k>k(m; n) the alternating group on k
symbols is a true epimorphic image of the triangle group (m; n). (For the pair (3; 7)
this was proved some time ago with k(3; 7)= 168 (see [7]). Topological proofs of the
existence of innitely many regular maps of type (3; 7) can be found in [44, 1, 17].)
5. Faithful and locally faithful representations of triangle groups in linear groups
In this section, we present a method for constructing r-locally faithful representations
# :(m; n) ! H of hyperbolic triangle groups in nite groups of reasonably bounded
order. The method itself goes back to Mal’cev’s residual niteness proof of special
linear groups [25,26]; for a very good modern presentation we recommend [22].
Intuitively, if r is large, an r-locally faithful representation of (m; n) requires nite
groups of large order. It is not dicult to see that for parabolic triangle groups one can
construct r-locally faithful representations in groups of order quadratic in r. However,
for hyperbolic groups we have:
Proposition 3. Let # :(m; n) ! H be an r-locally faithful representation of a
hyperbolic triangle group. Then jH j>cr for some c = c(m; n)> 1.
Proof (Sketch). Fix a hyperbolic pair (m; n) and consider an r-locally faithful repre-
sentation # :(m; n) ! H ; we may without loss of generality assume that # is a true
epimorphism and that r>m + n. Let M = M (H ;#(y); #(z)) be the generic map and
let ~# :U (m; n)! M be the corresponding universal covering. Then, by Proposition 2,
the planar width of M is at least r0 = br=(m+ n)c. It follows that, xing a face of M ,
the part  of the underlying graph induced by faces at distance at most s= (r0− 1)=2
from the xed face is actually embedded in a disc on the supporting surface for M .
But according to the formulae [35] for the number of vertices, edges and faces in the
‘sth corona’ around some xed face of U (m; n), it is easy to see that there exists a
c1 = c1(m; n)>1 such that the number of edges of  is at least cs1. From this it is now
easy to deduce that jH j>cr for some c = c(m; n)> 1.
Our goal will be to complement Proposition 3 by constructing r-locally faithful
representations of hyperbolic triangle in nite groups of order less than Cr where C
depends only on the hyperbolic type. One way of achieving this is to consider suitable
nite quotients of special linear groups in which triangle groups can be faithfully
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represented. The corresponding general theory can be found in [42]; we just outline
here one special case.
Before we do so let us comment on linear faithful representations of hyperbolic
triangle groups in general. There is a standard way of their construction which relies
upon identifying them with discrete groups of motion of the corresponding universal
tessellations of the (coordinatized) hyperbolic plane; this way one naturally ends up
with representations in (sometimes projective) special linear groups. A very general
study of faithful representations of triangle groups in projective special linear groups
can be found in [40]. For example, it follows from [41] that a hyperbolic triangle
group (m; n) is isomorphic to a unique (up to conjugates) discontinuous subgroup of
PSL2(R), and if m; n are odd and pairwise coprime then every non-trivial representation
of (m; n) in PSL2(C) is necessarily faithful. To have an explicit example of a faithful
representations of hyperbolic triangle groups in PSL2(Z[1; : : : ; t]) we present here an
adaptation of the representation given in [20].
The Knapp representation: Let (m; n) be a hyperbolic pair and let = cos=m and
=cos=n. Further, let !=
p
1− 2 and let  be dened by the equation +−1=2=!.
Let
A=

!= =
− !

and B=

 !
−! 

:
It can be checked that Am = Bn = (AB)2 = I2 in the group PSL2(R), and so we
also have a representation of the triangle group (m; n) in the special linear group
PSL2(Z[; ; !; !−1; ; −1]). For a proof of faithfulness of this representation see [20].
The following two representations (due to Magnus [24] and Mennicke [32]) seem
to be the most suitable for applications.
The Magnus representation: For a hyperbolic pair (m; n) let = cos(=m) and =
sin(=n). Further, let  be dened by 2 = 2 − 2. Let U and V be the matrices
U =
i


ei=n e−i=n
−ei=n −e−i=n

; V =

e−i=n 0
0 ei=n

:
It can be checked by direct computation that Um = Vn = (UV )2 = I2; faithfulness of
this representation in the group PSL2(Z[i; ; −1; ; ]) is proved in [24].
The Mennicke representation: If (m; n) is a hyperbolic pair, let  = cos(=m) and
= cos(=n). Let the matrices A and B be dened by
A=
0
@ 4
2 − 1 0 2
2 1 0
−2 0 −1
1
A ; B=
0
@−1 −2 02 42 − 1 0
2 4 1
1
A :
We again have Am = Bn = (AB)2 = I3; faithfulness of this representation of (m; n) in
SL3(Z[; ]) follows from the analysis in [32].
The above faithful representations are all in matrix groups over rings which are
iterated algebraic extensions of the integers. However, to be able to apply the general
theory of [42] we would like to have faithful representations of triangle groups in
linear groups over a simple extension of Z, that is, an extension obtained by adjoining
352 J. Siran /Discrete Mathematics 229 (2001) 341{358
a single root of a polynomial h(x) 2 Z(x). Moreover, for technical reasons we shall
require that h(x) is monic polynomial, i.e., with leading coecient equal to 1. While
every nite algebraic extension of an innite eld is known to be equivalent to a
simple extension (see e.g. [37] for an explicit construction), this is not necessarily the
case in ring extensions. In what follows, we briey indicate a way to turn Mennicke’s
representation into a representation in SL3(Z[]) for a single adjoined root  of a
suitable monic integer polynomial.
Let Tk(x) = cos(k arccos x) where x 2 [ − 1; 1]; the normed polynomials 21−kTk(x)
are well known as Cebysev’s polynomials. It can be shown (see [42] for details) that
the (monic) polynomial Pk(x)= 2Tk(x=2) has integer coecients. Let =2cos(=mn).
Now, it again follows from [42] that all ; 2 and 2 are roots of the polynomial h(x)=
P2mn(x)− 2; moreover, 2=Pn() and 2=Pm(). This gives a faithful representation
 :(m; n)! SL3(Z[]) where
(y) =
0
@ (Pn())
2 − 1 0 Pn()
Pm() 1 0
−Pn() 0 −1
1
A ;
(z) =
0
@ −1 −Pm() 0Pm() (Pm())2 − 1 0
Pn() Pm()Pn() 1
1
A :
Based on the above, we can now produce r-locally faithful representations of hyperbolic
triangle groups in nite special linear groups as follows. First, observe that for any
u 2 (m; n), all entries of the matrix (u) can be expressed as integer polynomials in 
of degree less than deg(h)=2mn. Now, let Sr denote the set of all u 2 (m; n), u 6= 1,
which can be written as a product of no more than r generators y and z, and let (Sr)
be the set of all -images of the elements in Sr . Since  is a faithful representation,
all the matrices in the set (Sr) are distinct an not equal to the identity matrix. We
then choose a suciently large prime p such that for all u 2 Sr , each coecient in
any of the (polynomial) entries of the matrix (u) is in absolute value smaller than
p. Detailed calculations in [42] show that this can be accomplished, e.g., with the
largest prime p such that p< 2(2mn)
2r . We thus obtain an r-faithful representation of
the triangle group (m; n) in the (nite) group H = SL3(Zp[ ~]); the quotient ring
Zp[ ~] is obtained by adjoining a root ~ of the polynomial ~h(x) 2Zp(x) which arises
from h(x) by interpreting each of its coecients modulo p. Estimating the order of
the group H we nally have:
Theorem 2 ( Siran [42, Theorem 2]). Let (m; n) be a hyperbolic pair. Then; for every
r the triangle group (m; n) has an r-locally faithful representation in a nite group
of order at most Cr for some C<272(nm)
3
.
In view of Proposition 3, the result of Theorem 2 is best possible in the sense that
it provides a simple exponential function in r as the upper bound.
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6. Applications
We are now in position to present four applications of representations of triangle
groups in the theory of maps and graphs.
6.1. Large planar width regular maps of bounded size
By Theorem 1, residual niteness of the (innite) triangle groups (m; n) is equiv-
alent with the existence of nite regular maps of a given non-elliptic type (m; n) with
arbitrarily large planar width. We also mentioned that the existence part of the above
was proved in [36]; however, the only upper bound on the size (= number of edges)
of the resulting maps of type (m; n) with planar width >r that follows from [36] is
of the order (Cr)! for some C = C(m; n).
Our Theorem 2 together with Proposition 2 immediately yields the following im-
provement on the size of (hyperbolic) maps of large planar width.
Theorem 3. For every r there exists a regular map of hyperbolic type (m; n) with
planar width >r and with at most Cr edges for some C = C(m; n) not depending
on r.
Proof: By Theorem 2, there exists an r(m + n)-locally faithful representation
#:(m; n)!H of the triangle group (m; n) = hy; zjym = zn = (yz)2 = 1i in a nite
group H of order at most Cr(m+n)o where Co = Co(m; n). Observe that # is a true rep-
resentation; we may assume that # is, in fact, an epimorphism. It now follows from
Proposition 2 that the generic regular map M =M (H ;#(y); #(z)) is of type (m; n) and
has planar width at least r. The upper bound on the order of H implies that the size
of M is bounded above by Cr where C = C(m; n).
Referring to the universal covering U (m; n) ! M and (again) to the formulae [35]
for the number of vertices, edges and faces in the ‘rth corona’ around some xed face
of U (m; n), it is easy to see that there exists a c = c(m; n)>1 such that every regular
map of type (m; n) and of face width at least r has at least cr edges. In this sense,
our Theorem 3 is best possible (in that it again gives, for xed n; m; an upper bound
on the size of the map in terms of a simple exponential function in r).
6.2. Locally faithful representations of Hurwitz groups
By a classical result of Hurwitz (1893), the order of the group of conformal home-
omorphisms of a Riemann surface of genus g>2 does not exceed 84(g− 1). Equality
is attained if and only if the surface admits a regular map M of type (3; 7) or, du-
ally, (7; 3), in which case jAut(M)j = 84(g − 1). The nite groups Aut(M) with this
property are called Hurwitz groups. Recalling the universal covering ~# : U (3; 7)! M
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we see that Hurwitz groups are precisely the nite quotients of the triangle group
(3; 7) = hy; zjy3 = z7 = (yz)2 = 1i.
In 1969, MacBeath [23] proved that there are innitely many Hurwitz groups. His
theorem, equivalent with residual niteness of the group (3; 7), was re-proved in
various dierent ways. Map-related proofs can be found in [44,17,1]. As regards more
direct approaches, we already mentioned in passing the result of Conder [7] that for
each k>168 the alternating group on k letters is a Hurwitz group. In terms of order,
perhaps the best result is due to Cohen [6] where a Hurwitz group of order 168k6 for
every k > 0 is obtained as an extension of (Zk)6 by PSL2(Z7). The fact that there is
no sequence of Hurwitz groups whose orders form an innite arithmetic progression
follows from [9]; for more information on Hurwitz group we refer to Conder’s excellent
survey [8].
Our aim is to contribute to the theory by constructing Hurwitz groups in which the
triangle group has an r-faithful representation for large r. By Proposition 3, the order of
such Hurwitz groups must grow at least exponentially in r, that is, there is a constant
c> 1 such that for each r-faithful representation # :(3; 7)! H we have jH j>cr .
Theorem 2 implies the following stronger version of MacBeath’s theorem on the
existence of Hurwitz groups of arbitrarily large local faithfulness with respect to the
triangle group (3; 7).
Theorem 4. For any r > 0 there exists a Hurwitz group Hr of order <Cr such that
the triangle group (3; 7) has an r-faithful representation in Hr .
6.3. Vertex-transitive non-Cayley graphs
Let G be a group and let X be a symmetric unit-free generating set for G, that
is, X is closed under taking inverses and does not contain 1G. The Cayley graph
Cay(G; X ) has vertex set G, and two vertices a; b 2 G are adjacent in Cay(G; X ) if
and only if a−1b 2 X . Note that, by the symmetry of X , we also have b−1a 2 X
and so our Cayley graph is undirected. Obviously, the left multiplication by elements
of G denes a regular action of G as a group of automorphisms of Cay(G; X ); in
particular, Cayley graphs are vertex-transitive. Conversely [40], each vertex-transitive
graph   which admits a regular action of a subgroup G<Aut( ) on its vertex set is
a Cayley graph for G.
Vertex-transitive graphs that are not Cayley graphs are an interesting area of in-
tensive study; see [29,30] for a survey of various (mostly group-theoretical) construc-
tion methods. A map-theoretical approach to constructing vertex-transitive non-Cayley
graphs was initiated by the following result [16] whose proof relies upon enumeration
of closed walks in Cayley graphs modulo prime numbers [12].
Theorem 5. Let M be a regular map of type (m;p) where m>3 and p is a prime such
that p>m(m−1). Then the underlying graph of M is an (arc-transitive) non-Cayley
graph.
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Based on the preceding results, we are now able to identify more arc-transitive
non-Cayley graphs among underlying graphs of regular maps. For a given hyperbolic
pair (m; n) and a given r>1 let Gr(m; n) denote the collection of underlying graphs of
the regular maps of type (m; n) whose planar width is larger than r. An easy argument
based on Euler’s formula (see [36] or a slight modication of [49,50, Satz IV.14])
shows that each cycle of a graph  2Gr(m; n) that is contractible on the supporting
surface of the corresponding map and is not a face boundary, has length larger than n.
Thus, if r>n, the only cycles of length n in any of the graphs   2 Gr(m; n) are the face
boundaries (and there are no shorter cycles). It follows that each graph automorphism
of such   extends to a (possibly orientation{reversing) map automorphism of the
corresponding regular map.
Now, assume that a graph  2Gr(m; n); r>n, is a Cayley graph, that is,  ’
Cay(G; X ) for some group G and some symmetric generating set X . From the above
discussion we see that the action of the group G now extends (including orientation{
reversing automorphisms if any) to a regular action on the vertices of the corresponding
regular map whose underlying graph is  . Maps M which admit a regular action of
a subgroup of Aut(M) on their vertex set are known as Cayley maps. In a recent
deep study of Cayley maps [38] it was proved that in a Cayley map of type (m; n)
with m>3, the face length n must have a prime divisor p such that p6m; if M has
orientation{reversing automorphisms as well then the regular action of G implies that
n has a prime divisor 62m. Combining all these facts we quickly obtain:
Theorem 6. Let (m; n) be a hyperbolic pair and let r>n. If n has no prime divisor
p such that p62m then each graph in Gr(m; n) is an (arc-transitive) non-Cayley
graph.
6.4. Arc-transitive graphs of given valence and given exact girth
We recall that the girth of a graph is the length of its shortest cycle. The problem
of constructing graphs of smallest order (=number of vertices) in which every vertex
has valence >m and whose girth is >n has received considerable attention in the past;
we refer to [5] for a survey. By an obvious ‘tree argument’ it is easy to see that the
order of such a graph must be larger than (m− 1)(n−2)=2. The well-known construction
due to Lubotzky et al. [21] yields Cayley graphs of valence m and girth at least n of
order (asymptotically) not exceeding (m− 1)3n=4. For other very good constructions in
terms of small order of the resulting graphs see e.g. [27,28,3,4]. However, a common
feature of all these constructions is that they do not oer an exact control of the girth
of the graphs; all one can say that the girth is not smaller than n.
As observed in [36], regular maps of large planar width furnish arc-transitive graphs
of given valence m and given exact girth n. Indeed, recalling the sets Gr(m; n) in-
troduced in the preceding subsection it immediately follows that, for r>n, any graph
  2 Gr(m; n) has girth equal to n. (Note that parabolic or elliptic pairs (m; n) are not
interesting instances for our girth problem.) The smallest (nite) graphs of this type
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are apparently obtained when r = n; Theorems 3 and 2 yield an upper bound on their
order.
Theorem 7. For each hyperbolic pair (m; n) there exists an arc-transitive graph of
valence m whose girth is equal to n and whose order is smaller than Cn(m+n)(mn)
3
.
Compared with the upper bounds mentioned above one sees that the bound in The-
orem 7 is very poor for some of the pairs (m; n) in the following sense: By [21], for
each hyperbolic pair (m; n) there exists a q>n and a graph of valence m and girth
equal to q whose order is (asymptotically) bounded above by (m − 1)3n=4; a way to
determine q is indicated in [28]. The huge constant in Theorem 7 is the price one
pays for the exact control of the girth. Nevertheless, we believe that our result will be
substantially improved in the future.
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